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Abstract
Quasi-classical picture of motion of spin 1/2 massive particle in a
curved spacetime is built on base of simple Lagrangian model. The one
is constructed due to analogy with Lagrangian of massive vector particle
[6]. Equations of motion and spin propagation coincide with Papapetrou
equations describing dynamic of classical spinning particle in a curved
spacetime [2, 3]
keywords Spin 1/2 massive particle; Dirac equation; Papapetrou equa-
tion.
1 Introduction
In terms of classical Lagrange formalism motion of structureless test particle in
curved spacetime is described by simplest form of Lagrangian:
L = 1/2 < ~˙x, ~˙x >,
where ~˙x = x˙i∂ i, x˙ =
dxi
ds
, xi are coordinates of the particle and s is length along
worldline of the particle. Euler-Lagrange equations for this Lagrangian lead to
the geodesic equation.
In case of non scalar particles additional terms containing spin variables
can be included into the Lagrangian. These internal variables change equations
of motion of the particle due to spin-gravitational interaction. Frenkel was
first who pointed to fact that spin changes trajectory of motion of particles
in external field [1]. Motion of extended spinning particle in curved spacetime
was studied by Papapetrou [2] and Dixon [1]. Similar problem was studied by
Turakulov [3] by means of classic Hamiltonian formalism in approximation of
spinning rigid body in tangent space. In the mentioned works it was shown
that equation of motion differs from geodesic equation due to term which is
contraction the curvature with spin and velocity. A number of attempts to
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describe motion of quantum particles with spin on base of Lagrangian models
were made for last eight decades [1]. However, a satisfactory description was
not obtained [6]. Nevertheless, studies both Maxwell and Dirac equations point
to the fact that equations of motion might include contraction spin with the
curvature [4, 5]. In our recent work [8] a derivation of Papapetrou equations
for photon on base of field variational principles was completed. In turn, an
approach to derive the equations of motion for spin 1 massive and massless
particles by means of classical Lagrange formalism are shown in our paper [6].
Particularly, it was shown in the work [6] that motion of massive vector
particle of spin 1 in curved spacetime can be described by the Lagrangian:
2L = m < ~˙x, ~˙x > − ~˙A 2 +m2 ~A2,
where ~A is a vector field which is attached to worldline of the particle and
orthogonal to ~˙x. Components of the field expressed in local orthonormal frame
are generalized coordinates which describe spin of the particle.
The goal of present work is to develop a Lagrangian approach for spin 1/2
massive particle. We consider the particle as quasi-classical. This means that
motion of the particle is described not only by its coordinates {xi} in spacetime
but also by internal spin variables specifying spin degrees of freedom of the par-
ticle in terms of quantum mechanics. It should be noted that spin variables are
elements of suitable spinor spaces. In turn, determination of the spaces demands
presence of orthonormal frame in considered domain of spacetime. Since parti-
cle is massive we introduce length parameter s along worldline of the particle
which plays role of time parameter in Lagrangian formalism. Thus, generalized
velocities conjugated with coordinates {xi} x˙i = dxi/ds, define timelike vector
~n0 = x˙
i∂ i = ~˙x of unit length along the worldline:
< ~n0, ~n0 >= 1.
There are vectors {~nα}, α = 1, 2, 3; orthogonal to ~n0 such that < ~nα, ~nβ >=
ηαβ = −δαβ. The vectors together with ~n0 constitute comoving frame along the
worldline. Since, by construction, ~˙x has no ~nα components we call spacelike
coframe {~nα} as rest frame of the particle. Besides, rest frame {~nα} is defined
with accuracy up to arbitrary spatial rotation belonged to group SO(3). Due
to the fact that generalized coordinates and velocities of different nature must
be independent spinor variables should be referred to rest frame {~nα} of space-
like vectors. In other words, spinor variables are elements of linear spaces of
representation of group SO(3).
The spaces are constructed as follows. Pauli matrices {σˆα} referred to rest
frame are introduced. The matrices generate local Clifford algebras referred to
the frame. Besides, local Clifford algebra introduced this way specifies two local
spinor spaces attached to the worldline. These spaces are two spaces of spinor
representations of the group SO(3) which are isomorphic to each other under
Hermitian conjugation. In our approach elements of the spaces ψ†, ψ play role
of generalized coordinates which describe spin degrees of freedom of the particle.
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The desired Lagrangian should depend on generalized coordinates {xi} ,
{ψ†, ψ} and their derivatives over s. At the same time the Lagrangian should
contain covariant derivatives of spinor variables ψ† and ψ. Moreover, the La-
grangian must contain term with < ~˙x, ~˙x > which yields left hand side (LHS) of
geodesic equation. Euler-Lagrange equations for spinor variables are expected to
yield reduced form of Dirac equation for wave propagating along the worldline of
the particle. In the limiting case of zero gravitation the equation coincides with
Dirac equation formulated in comoving frame of plane spinor wave of positive
energy. All these requirements determine the form of the Lagrangian describing
motion of massive spin 1/2 particle in curved spacetime. Thus, Euler-Lagrange
equations are reduced to equations describing motion of the spin along the parti-
cle worldline and the worldline shape. The equations obtained this way become
identical to Papapetrou equations for classic spinning particle [3].
2 Lagrange formalism for massive particle of spin
1/2
In order to describe spin variables of the Lagrangian we supplement timelike
unit vector ~n0 = ~˙x tangent to worldline of the particle by spatial orthonormal
frame {~nα}whose vectors are orthogonal to ~n0. Frame {~nα} is a rest frame
of the particle. Spacelike vectors ~nα together with ~˙x constitute orthonormal
comoving frame along the worldline. We denote covector comoving frame as
{νa} , so {να} is covector rest frame dual to vector frame {~nα} in tangent sub-
space orthogonal to ~˙x. Then we introduce Pauli matrices σˆ1, σˆ2, σˆ3 referred to
the covector rest frame. The matrices are constant in chosen frame and obey
anticommutation rules as follows:
{σˆα, σˆβ} = −2ηαβ, (1)
where
ηab =< νa, νb >= diag (1,−1,−1,−1) =
(
1 0
0 ηαβ
)
.
Algebraic span of Pauli matrices yields local sample of Clifford algebra in each
point of the worldline. Union of the local Clifford algebras constitute fibre
bundle of Clifford algebra along the worldline.
Invertible elements R of Clifford algebra such that
R−1 = R†,
where R† stands for Hermitian conjugated matrix, constitute Spin(3) group.
There is an endomorphism R : SO(3)→ Spin(3) defined by formula:
RLσˆ
aR−1L = L
a
b · σˆ
b, (L ab · ) ∈ SO(3), (2)
so that each element of L ∈ SO(3) is covered twice [9, 10] by elements ±RL ∈
Spin(3).
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Elements of local Clifford algebra are operators on two local spinor spaces
referred to considered local frame on the worldline. The spaces are local linear
spaces of representation of group Spin(3) and SO(3). Elements of the local
spaces ψ ∈ S and ψ† ∈ S† are 2 × 1 and 1 × 2 complex matrices accordingly.
This way element L of group of spatial rotations SO(3) acts on spaces of repre-
sentation of the group as follows:
′ψ = RLψ,
′ψ† = ψ†R−1L , ψ ∈ S, ψ
†∈ S†. (3)
Union of the local spinor spaces constitute spinor fibre bundle on the worldline.
Image of an infinitesimal rotation L = 1− ε ∈ SO(3) is:
R1−ε = 1ˆ + δQ = 1ˆ + 1/4 εαβ σˆ
ασˆβ . (4)
The infinitesimal transformation rotates elements of the rest frame:
δνα = −ε αβ · ν
β . (5)
Accordingly (3) the rotation initiates a transformation of spinors:
δψ = 1/8 εβγ [σˆ
β , σˆγ ]ψ, δψ† = −1/8 εβγ ψ
† [σˆβ, σˆγ ], (6)
under which due to (2) Pauli matrices rotates as follows:
′σˆα = RσˆαR−1, δσˆα = [δQ, σˆα];
δσˆα = −ε αβ · σˆ
β = 1/4εβγ
[
σˆβ σˆγ , σˆα
]
.
It is seen that the rotation coincides with rotation of components of contravari-
ant vector with accuracy up to opposite sign. Thus, if we take into account
both of the transformations Pauli matrices become invariant as it is accepted in
field theory [10].
State of the particle is described by its coordinates {xi} in space time, spinor
variables {ψ, ψ†} which are elements of spinor fibre bundles on the worldline
and their derivatives x˙i = dx
i
ds
and dψ
ds
, dψ
†
ds
over length s along the worldline.
Rest frame rotates under motion of the particle:
ν˙α = −ω αβ · (~˙x)ν
β ,
where angular velocities are given by values of Cartan’ rotation 1-forms ω αβ · =
γ αcβ · ν
c on vector ~˙x. So do spinor variables referred to the frame. Their transfor-
mations are given by equations (6) where ε αβ · = γ
α
0β · . Account of the transfor-
mations are taken by covariant derivatives of spinor variables along the world-
line:
ψ˙ =
dψ
ds
+
1
4
γbδε x˙
b σˆδσˆεψ, (7)
ψ˙† =
dψ†
ds
−
1
4
γbδε x˙
b ψ† σˆδσˆε.
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Besides, total covariant derivatives (with taking account of spinor transforma-
tion and rotation of vector indexes) of Pauli matrices are zero.
Lagrangian of the particle is covariant under internal transformations of
the rest frames. Hence derivatives (7) are to be included to the Lagrangian.
The desired Lagrangian includes term m/2ψ†ψ < ~˙x, ~˙x > which yields geodesic
equation and an addend providing validity of the reduced Dirac equation. There
are also terms including derivatives of spinor fields and term proportional to
mψ†ψ. Due to fact that Dirac equation is of first order partial differential
equation the Lagrangian is to be linear over the derivatives of spinor variables.
Analysis shows that to obey such the requirement we should accept the form of
the Lagrangian:
L =
m
2
ψ†ψ < ~˙x, ~˙x > −
ih¯
2
(
ψ†ψ˙ − ψ˙† ψ
)
+
m
2
ψ†ψ. (8)
It must be kept in mind that the Lagrangian is function of generalized coor-
dinates xi, ψ, ψ† and their velocities d x
i
ds
= x˙i, dψ
ds
, dψ
†
ds
. At the same time
covariant form of the Lagrangian includes derivatives represented in orthonormal
frame. Due to this we recall formulas of transformations between the frames:
∂ /∂ xi = nai ~na, ~na = n
i
a∂ /∂ x
i, nian
b
i = δ
b
a, (9)
x˙a = nai x˙
i, x˙i = niax˙
a, nian
a
j = δ
i
j .
3 Euler-Lagrange equations for spinor variables
Due to (8) generalized momenta conjugated to generalized coordinates ψ† and
ψ are:
Ψ = ∂ L/∂
(
dψ†
ds
)
= +
ih¯
2
ψ, Ψ† = ∂ L/∂
(
dψ
ds
)
= −
ih¯
2
ψ†.
Euler Lagrange equations for the considered generalized coordinates read:
d
ds
Ψ = ∂ L/∂ ψ†,
d
ds
Ψ† = ∂ L/∂ ψ. (10)
Straightforward calculation of the right hand side (RHS) of the above equations
gives:
∂ L/∂ ψ† = mψ −
ih¯
2
ψ˙ −
ih¯
2
·
1
4
γbδεx˙
b σˆδσˆεψ,
∂ L/∂ ψ = mψ† +
ih¯
2
ψ˙† −
ih¯
2
·
1
4
γbδεx˙
b ψ†σˆδσˆε.
Now it is seen that the RHS of the equations (10) completes ordinary derivatives
of spinor variables in the LHS up to covariant derivatives. This way Euler-
Lagrange equations for ψ†, ψ generalized coordinates become:
ih¯ψ˙ = mψ, ih¯ψ˙† = −mψ†. (11)
The equations coincide with reduced form of Dirac equations for free motion of
particle with positive energy in flat spacetime [11].
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4 Generalized momentum conjugated with xi and
conservation of spin
Due to the definition pi = ∂ L/∂ x˙
i. However it is convenient to operate with
generalized momenta expressed in orthonormal frame: pa = n
i
api. Differentiat-
ing (8) over x˙a we obtain:
pa =
∂ L
∂ x˙a
= mψ†ψ ηabx˙
b −
ih¯
2
·
1
2
γaδε ψ
†σˆδσˆεψ.
We define spin of the particle as:
Sδε = −
ih¯
4
ψ†σˆ[δ σˆ ε]ψ, (12)
where [, ] stands for commutator of the Pauli matrices. It is seen that RHS of
the above equation can be represented as h¯/2 ǫδεζ ψ
†σˆζψ, where ǫδεζ is Levi-
Civita symbol for the 3-space. In terms of quantum mechanics the expression
can be interpreted as averaged value of operator of spin h¯σˆζ/2 [11] in state
described by wave function ψ in the tangent rest space. Moreover, it can be
shown that definition (12) accords to formula for 0-component of current of spin
derived from Noether theorem in field theory [12]. The spin is element of space
which is tensor product of two copies of tangent rest space. Thus, it has no
0-component and we can decide that condition of orthogonality of the spin to
velocity is satisfied: x˙b S cb · ≡ 0. After that we can represent expression for the
generalized momentum pa as follows:
pa = πa +
1
2
γaδεS
δε, (13)
where πa = mψ
†ψ ηabx˙
b is part of the momentum including generalized veloci-
ties over xi coordinates.
According to the equation (11) straightforward calculation of covariant deriva-
tive of spin (12) gives:
DSδε
ds
=
dSδε
ds
+ x˙a
(
γ δaγ ·S
γε + γ εaγ ·S
δγ
)
≡ 0, (14)
where we took account of the fact that total covariant derivatives of Pauli ma-
trices are zero.
5 Euler-Lagrange equations for xi variables
Euler-Lagrange equations for xi variables read:
dpi /ds = ∂ L/∂ x
i.
It is convenient to rewrite the above equation in orthonormal frame due to (9):
nia
d
ds
(
nbipb
)
= nia ∂ L/∂ x
i. (15)
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After differentiation and expression velocities x˙k via its components in orthonor-
mal frame the LHS of (15) becomes:
nian
b
i,kn
k
c x˙
cpb +
d pa
ds
. (16)
where (),k means differentiation over x
k variable. Calculation the RHS of (15)
gives:
nia
[
mψ†ψ ηbcn
b
k,in
k
d x˙
dx˙c +
ih¯
2
·
1
2
(
γbδε,i x˙
b + γbδε n
b
k,in
k
e x˙
e
)
ψ†σˆδσˆεψ =
= mψ†ψ ηbc n
b
k,in
k
e x˙
ex˙c +
1
2
(
γbδε,i x˙
b + γbδε n
b
k,in
k
e x˙
e
)
Sδε =
= nbk,in
k
e x˙
e(πb +
1
2
γbδεS
δε) +
1
2
γbδε,i x˙
bSδε
]
=
= nbk,in
i
an
k
e x˙
e pb +
1
2
γbδε,a x˙
bSδε. (17)
Equating (16) to (17) we obtain:
d
ds
pa + n
b
i,k
(
nian
k
c − n
k
an
i
c
)
x˙c pb = 1/2niaγbδε,i x˙
b Sδε.
But due to Cartan’ first structure equation it is easy to see that:
nbi,k
(
nian
k
c − n
k
an
i
c
)
= γ bac · − γ
b
ca · .
This gives us equation as follows:
D
ds
pa + γ
b
ac · x˙
cpb = 1/2 γbδε,ax˙
bSδε. (18)
Since we expect to obtain an equation whose LHS coincides with geodesic
equation generalized momentum pa in the (18) should be presented in explicit
form given by (13). Leaving only Dπa/ds at LHS of (18) we after some simple
derivations can rewrite the equation as:
D
ds
πa = −
1
2
d
ds
[
γaδεS
δε
]
+
1
2
[γ eba · γeδε − γ
e
ab · γeδε + γbδε,a] x˙
bSδε =
−
1
2
γaδε
d
ds
Sδε +
1
2
[γeδεdν
e + dγeδε ∧ ν
e] (~na, ~nb) x˙
bSδε =
−
1
2
γaδε
d
ds
Sδε +
1
2
[dωδε](~na, ~nb) x˙
bSδε. (19)
Now equation (14) allows us to exclude dSδε/ds from the (19). After this has
been done the RHS of (19) turns:
1
2
x˙b [ωeε ∧ ω
e
δ · (~na, ~nb) + dωδε(~na, ~nb)]S
δε =
1
2
x˙bΩδε(~na, ~nb)S
δε,
7
where
Ω dc · = dω
d
c · + ω
d
e · ∧ ω
e
c · = 1/2R
d
c ·ab ν
a ∧ νb
is 2-form of curvature. This way Euler-Lagrange equations for generalized co-
ordinates xi become identically with equations:
Dπa/ds = 1/2Rδεab x˙
bSδε.
Substituting πa = mψ
†ψ ηabx˙
b into the above equation and reminding that the
coefficient at ηabx˙
b is constant we can rewrite the equation as follows:
mψ†ψ
D x˙a
ds
= 1/2R aδε ·b x˙
bSδε. (20)
It is seen that (14) and (20) constitute set of equations of motion of massive
particle with spin s = 1/2 which coincides with system of Papapetrou equations
for motion of classical spinning particle in curved space-time as they presented
in work [3].
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